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Example 1 General Solution Using Undetermined Coefficients
¥ +4y =2y =2x" —3x+6.

Solution

Step1: V' +4Y—2y=0 > m+4m—-2=0 > my,=—2+-/6

v, =ce @O o

E{_2+JE}I,
Step2: JV, =Ax +Bx+C. > v,=24x+B. y, =24
Vi+4y, -2y, =2A4+8Ax+4B—24x —2Bx-2C=2x" —3x+6.

—2AX" +(84—2B)x+(24+4B—-2C)=2x"—-3x+6

—24=2 8A-1B=-3, 24+4B-2C=0.

2 3
H 'J}F =—X —El — Q
L . —(2+J8)x (—2+B)x 2 3
Step3: VY=JV. TV, =G€ +c,8 —X ——x-09.
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Example 2 Particular Solution Using Undetermined Coefficients
V' =y +y=2sin3x

Solution
y, =Acos3x+ Bsin3x.
YV, =V, +¥,=(-84-3B)cos3x+(34—-8B)sin3x = 2sin3x

—8A4-36=0, 34-8B=2,

6 16 .
Y, = _—% COs3x —_—% 5111 3 X.




Example 3 Forming Y, by Superposition
Y =2y —3y=4x—5+6xe.
Solution
Step1: V' -2y -3y=0 > yv.=¢e " +ce”
Step 2: g(x)=g(x)+ g,(x)=polynomial + exponentials.
Vo =Vp TV,
y,=Ax+B+ Cxe™ + Ee™
Vi =2y, -3y, =-34x—24-3B-3Cxe”" +(2C-3E)e” =4x-5+6xe".
—34A=4, —-24A-3B=-5, -3C=6. 2C-3E=0.
A=-4/3. B=23/9,. C=-2, E=-4/3,

! 4 23 3 2z 4 x
V,=——X+—=1xe ——e .
3 9 3

-



T

4 23 4
—x 3x 2z
: =ce +ce ——+——| Ix+— e,
Step3: V=0 3 3% [ 3.]

(Note) yﬂ=Ax+B into y"-2y' -3y=4x-5

Yy, = Cxe™™+Ee™ into ¥y =2y —3y=6xe”

Piik Wink



Example 4 A Glitch in the Method
y' =5y +4y =8e"
Solution
Step1: V' =5V +4y=0 > y =ce" +ce”
Step 2: 0=28¢" = Wrong guess for},
v, =Axe’.

X

Vp =5y, +4y,=-34e" =8¢". 5 4=-8/3

v, =—(8/3)xe’




g(x) Formofy,
1 A
Sx+7 Ax+B
3t -2 Ax* + Bx+C
¥ —x+1 Ax +Bx' +Cx+E
sin 4x Acosdx+ Bsindx
cosdx Acosdx+ Bsindx
eix Aij
(9x—2)e" (Ax+B)e’™
x'e” (Ax* + Bx +C)e’"
e’* sin 4x Ae’ cos4x+ Be'* sin 4x
S5x” sin 4x (Ax” + Bx+C)cos 4x + (Ex” + Fx + G)sin 4x
xe'* cos1x (Ax+ B)e ™ cos1x + (Cx+ E)e’ * sin1x




Example 5 Forms of Particular Solutions — Case |

(@) y'—8y +25y=5x"e*—Te* (b) y"+4y=xcosx.

Solution
(a) g(x)=(5x"=T)e"

Vp = (AX’ + BX’ +Cx+E)e”".

(b) ¥, =(Ax+B)cosx+(Cx+E)sinx.
Check: ¥, 2} V. =¢ coslx+¢,sinlx

_}J‘P =_j.fp__ -I-_'FP: +---+ }!P.ul




Example 6 Forming Y. by Superposition — Case |
V"' =9y +14y = 3x" —5sin 2x + Txe™.

Solution

x> Vp = Ax" +Bx+C.

—Ssin2x 3 ¥, =Ecoslx+Fsinlx

Ax

- _ 6x
Txe =S Vo, = (Gx+H)e .

Y= ] 1 _— -j o V4 . ¥ - Bx
V,=V,+¥, +¥, =Ax + Bx+C+Ecos2x+Fsinlx+(Gx+H)e .




Example 7 Particular Solution — Case |l
Vi-2y +y=e".
Solution

? x

y,=4Axe. 24de"=e" > A=1/2

. J 2 ox
> y,=(/2)x"e




Example 8 An Initial-Value Problem
y'+yv=4x+10sinx. y(7)=0. y'(7)=2.
Solution

y,=Ax+B+Ccosx+Esinx.

¥y, =Ax+B+Cxcosx+ Exsinx.
y;+yp=AI+B—ECS'111:;:+EECDSI=4.r+1051'11:f.

> A=4. B=0. C=-5 E=0 > Vy=),+), =(COSX+, 8N X +4x—5xC0sXx.

yim)=0. y(m)=2. 3 =97, ¢, =7

Vv=97cosx+T7sinx+4x—5xcosx.

—



Example 9 Using the Multiplication Rule
V' =6y +9y=6x"+2—-12&"

Solution

P —61+9y=0 > y.=ce +c,xe

g(x)=6x" +2-12&"
Vo~ _Ax: + Bx + C+£ci.

.1:‘ _pl }IP:

v, = Ax’ +Bx+C+Ex’e™.
Vi =6y, +9y, =9A4x" +(-124+9B)x+24—-6B+9C + 2Ee™ =6x" +2—12¢™.

> A=2/3, B=8/9, C=2/3, E=-6

2 B 2
1 ) i 9 ) 9
5 V=g +oxe” + 17 +—x+ = —6x'e™

: 37 9 3

e

—



Example 10 Third-Order DE - Case |
y'+y"'=¢€ cosx

Solution

¥'+3"=0 > m+m =0 > m=0 (roots), m=—-1 > ¥, =¢,+C,Xx+c;€"
¥, =Ae" cosx+ Be sinx.

Y, +V, =(-24+4B)e" cosx+(—44—-2B)e" sinx=¢e" cosx

> 4A=-1/10. B=1/5

| 1 .
3 V=Y. tY,=qHox+ce —Ee‘ CoS X +;€"" Sin X.




Example 11 Fourth-Order De — Case Il
P 4" =1-x%"
Solution

(4 . , ) 2
YWHy"=0 3 m*+m*=0 3 m=1 m=-1 3 ¥, = +0,X+c,X +c.e

v,= A +Bx’e¢ +Cxe” +Ee".

¥ Py '};Pz

) 3 :

3 3 - L —
V,=Ax"+Bx'e  +Cx'e +Exe".

—



